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Abstract. We show that any finitely connected domain U G C can be prop- 
erly embedded into C^. For some sequences {pj} C U, U \ {pj} can also be 
properly embedded into C^. 



1. Introduction and Main Result 

Let TZ he a noncompact Riemann surface and let (p : TZ —^ he a proper holo- 
morphic immersion that is 1-1. In that case we say that embeds TZ properly into 
C^. It is known that any k-dimensional Stein manifold embeds properly into C^*"'"*"^ 
[Re, Na, Bi], so in particular any noncompact Riemann surface embeds properly 
into C'^. It is however an open question whether any noncompact Riemann surface 
embeds properly into C'^ (it is known that not all compact Riemann surfaces em- 
beds properly into CP'^, although they do in CP'^ [GH]). Not much is known even 
for planar domains. Known results are: The unit disc by Kasahara and Nishino 
[KN, St], the annulus by Laufer [La], the punctured disc by Alexander [Al], and the 
most general result so far, due to Globevnik and Stens0nes: Any finitely connected 
bounded domain without isolated points in the boundary. Cerne and Forstneric 
have some results regarding bordered Riemann surfaces [CF] . We prove the follow- 
ing theorem: 

Theorem 1. Any finitely connected domain U d C can be properly embedded into 
C^. Moreover, let {pj} <ZU be a sequence converging to a point p in the boundary 
(we allow p — oo), and assume that {pj} is regular for U . Then U \ {pj} can be 
embedded properly into . 

The author would like to thank the referee for many useful comments and sug- 
gestions. 



2. Notation And Preliminaries 



Throughout this paper we will use the following notation: For a real number 
i? > 0, Bfi will denote the open i?-ball centered at the origin in C^. We let A^; 
denote the open i?-disc centered at the origin in C. If there is no subscript R, then 
we are referring to the unit ball or the unit disc respectively. We will let tt^ denote 
the projection on the i-th coordinate axis. 
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Definition 1. Let [/ C C be a connected open set such that U ~ C\Uf^iKi where 
the i^i's are pahwise disjoint closed connected subset of C. We then say that U is 
n-connected. 

Definition 2. Let [/ C C be a domain, and let {pj} be a sequence in U converging 
to a boundary point p. We say that {pj} is regular for U if there exists a continuous 
curve J : [0,1] U such that 7([0, 1)) C U, with 7(1) = p, and {pj} C 7. 

Definition 3. Let L ^ {( ^ x + iy e C]x < -I, y = 0}, let F = {Ij : [0, 1] 
C;j = 1, ...m} be a collection of smooth disjoint curves without self intersections, 
and let {pj} be a discrete set in C. Assume that these sets are pairwise disjoint. 
Then we will call the domain S = C\ {LUTU{pi}) a standard domain. We will also 
allow a standard domain to lack some of the above components in its complement. 

Definition 4. Let Autp{C'^) denote the group of holomorphic automorphisms of 
C'^ fixing the point p e C*^. If all the eigenvalues Xi of dF{p) satisfy |Ai| < 1 we 
say that F is attracting at p. 

Definition 5. Let {Fj} C Autp{C'^). We let F{j) denote the composition map 
Fj o ■ ■ ■ o Fi, and we define the basin of attraction of p by 

n^p^^ = {ze C'':Um,^^F{j){z) - p}. 

The construction of certain Fatou-Bieberbach domains will be an integral part 
of our proof of Theorem ^ and we will use the following theorem and proposition: 

Theorem 2. [Wo] Let < s < r < 1 such that < s, let (5 > 0, and let 
{Fj} C Auto{<C'') with s||z|| < \\Fj{z)\\ < r\\z\\ for aU z e Bs, and for all j G N. 
Then there exists a biholomorphic map 

Proposition 1. [Wo] Let K C C*^ be polynomially convex, let y C C*^ be a 
closed subvariety, and let K' C V he compact set such that K OV C K' . Then 
KLTK'oiC) =KU K'^^y^ =KU K'^^c^' 

3. A Classification of Some Infinitely Connected Domains in C 

Recall how one can use the existence of a Runge Fatou-Bieberbach domain 
together with The Riemann Mapping Theorem to embed the unit disc in C prop- 
erly into C^. We may assume that the intersection between O and the z-plane is 
not the whole plane, and it follows from the Runge property that all the connected 
components of this intersection have to be simply connected. Let U be such a com- 
ponent. Now the Riemann Mapping Theorem tells us that there is a biholomorphic 
map (j) mapping A onto U. So if "(/i: ^ C'^ is the associated Fatou-Bieberbach 
map, then ip o (f) will map A properly into C^. 

Now, this method fails if one wants to embed something that is not simply con- 
nected. This is because intersections between Runge Fatou-Bieberbach domains 
and embedded complex curves are simply connected (it is an open question wether 
all Fatou-Bieberbach domains are Runge). Moreover, two multiply connected do- 
mains are not automatically biholomorphically equivalent. Our approach will be 
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the following: First we map the domain into such that the image V is Runge, 
then we construct a Fatou-Bieberbach domain fl such that V C il. and dV C d^l. 

We will prove that any standard domain can be embedded properly into , and 
we begin by investigating which subsets of C are biholomorphically equivalent to a 
standard domain. 

Define the following map /i: A ^ C \ L: 

MC) = (^)^ - 1 

For a sequence pj in A such that limpj — 1 we have that lim|/i(pj)| =00. In 
particular, both /i(A) and /i(A \ {pj}) are standard domains. 

Remark 1. The Riemann Mapping Theorem states that for any simply connected 
domain J7 C C which is not the whole of C, there exists a biholomorphism (f>: U 
A that is onto. Let p g dU. If {pj} C C/ is a sequence converging to p and if {pj} 
is regular for U, then we can assume that limj^oo4>{pj) — 1- 



We will use the following theorem from [Go] to show that all the domains in 
Theorem Hare in fact standard domains. 

Theorem 3. (Hilbert) Every n-connected domain in the z-plane can he mapped 
univalently onto the Q-plane with n parallel finite cuts of inclination Q with the 
real axis in such a way that a given point z = a is mapped into ^ — 00, and the 
expansion of the mapping function about z = a has the form 

1 Qfi 

\- ai[z — a) + ■ ■ ■ or z H h • • • 

z — a z 

according as a is finite or not. Some of the cuts referred to may consist of single 
points. 



Proposition 2. Let U C C be n-connected, and let {pj} C U be a sequence con- 
verging to a point p in the boundary. Assume that {pj} is regular for U. Then 
U = U \ {pj} is biholomorphically equivalent to a standard domain S. 

Proof Write U ^ C \ U'^^iKi, and write K = U^l^^Ki. In the case of K being 
unbounded, we will assume that K has only got one unbounded component. It will 
be clear that the proof will work also if we have several unbounded components. We 
will have to look at the different possibilities for the limit point p of the sequence 

Case 1 - K is bounded, and p — 00: By Theorem |31 there is a biholomorphism 
mapping U onto C minus a finite number of cuts. The domain (j)(U) \ {4>{pi)} is a 
standard domain. 

Case 2 - K is bounded, and p — Kk'. By Theorem O there is a biholomorphism (p 
mapping U U {p} onto a domain with n — 1 cuts. Define = (^-^(p) 1 ^^'^ f o cj) 
maps U onto a standard domain 

Case 3 - K is bounded, and p G Kk'. By Theorem |3 there is a biholomorphism cj) 
mapping U U Kk onto a domain with n — 1 cuts. Define 99(C) = We have 

that If maps C\ (j){Kk) onto a simply connected domain W take away zero. There 
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is a biholomorphism f:W^A, such that hnij^oo I{f{'t'{Pj))) = 1- So the map 
fi o f o if o (f) maps U onto a standard domain. 

Case 4 - K is unbounded, and p = oo: Let Kk be the unbounded component of 
K. By Theorem |3 there is a biholomorphism </> mapping [/ U Kk onto a domain 
with n — 1 cuts. Let y = (j>{U U X/j) \ (f>{Kk)- V is simply connected, so there is a 
biholomorphism / : — s- A such that limj^oc fi4'{Pj)) = li so the map /i o / o 
maps J7 onto a standard domain. 

Case 5 - K is unbounded, and p ~ Kk'- Define Lp{C) = The map ip maps U 
onto a domain that falls under Case 1. 

Case 6 - K is unbounded, and p £ K^'. The map ^p{C,) = maps U onto a 
domain falling under Case 4. □ 

4. Proper Holomorphic Embeddings 

In the proof of the following lemma, we use an idea from the proof of Lemma 
2.2 in [BF]. 

Lemma 1. Let K <Z C"^ be a polynomially convex compact set, let e > 0, and let 
F — {jj{t);j — 1, ..m,t G [0,oo)} be a collection of disjoint smooth curves in <C'^\K 
without self-intersection, such that limt^oo\T^ii'Jjit))\ — oo for all j. Assume that 
there exists an M € W such that C \ (A^ U 7ri(F)) does not contain any relatively 
compact components for R > M . Let p £ K . Then for any i? g M there exists an 
automorphism (f> G Auti^C"^) such that the following is satisfied: 

(i) \\4>(x) — x\\ < e for all x £ K, 

(ll) ./)(F) C C2 \ Br, 
(Hi) (p{p) =p. 

Proof. Let us denote the coordinates on by a; = {z,w), and the curves by 
7i(t) = {zi{t), Wi{t)) (hence Zi{t) = 'Ki{"fi(t))) . Choose a larger polynomially convex 
compact set K' containing an e-neighborhood of K. We may assume that R > M 
and that K' cAj^x C. Let F' = F n (A^ x C). 

By Theorem 2.1 in [FL] there exists a. (p G Aut{C'^) such that 

(a) \\(p{x) - x\\ < I for all x G K' , 

(b) ^(F')CC2\B«, 

(c) (p{p) =p. _ 

To see this, define an isotopy of diffeomorphisms removing F' from Br. Since 
the union of a polynomially convex compact set and finitely many disjoint smooth 
compact curves in its complement is polynomially convex [Sb] , the theorem applies. 
Lastly, a small translation gives us (c). 

Fix such and set 

Tr - {x e F; ^{x) GBR)^Vf^ v-\Br). 

By the construction the complement of A^ U 7ri(F) does not contain any bounded 
components and ■niiVR) C 7ri(F) \ Aj^. 

For i = 1, m let ^ M+ be such that Zi{tl) e OAr and 2j(t) e C \ A^ for 
t > t}f. Define 

L^ = {z^ito)} X C, 
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and let Ki be the intersection 

Ki=Lir\'^-^{BR). 

Since tp~^{Bji) is polynomially convex, the complement of these sets in Li is con- 
nected. So for any T G M, for each i there is a continuous curve Cj : [0, 1] — > C such 
that Ci{0) = 0, and such that 

is a curve in Li \ Ki with \wi{tQ) + Ci{l)\ > T. There is a neighborhood Ui of Ci in 
such that Ui CC \ (p~^{Bfij. For any S > we may now define curves 

li{t) = {zi{4 + St),Wi{4 + St) + Ci{t)). 

If we let S be small enough, the entire curve Zj will be contained in Ui, and 
Tr2{li{l)) = Ti satisfies \Ti\>T. 

Define the following function / on a subset of C: 

(i) / ^ on A«, 

(ii) f{zi{tl+t)) = c^{|) forte (0,(5), 

(iii) fiZi{4 + t)) = Ci{l)hvt>J. 

Then / is continuous on S' = Ajj U 7ri(r), and holomorphic on A/?. For any 
C, p > 0, by Mergelyan's Theorem [Ru] there exists a holomorphic function g G 
0{C) such that llg^ — f\\snAc < P- We may also assume that ^(O) = 0. Define an 
automorphism 

ip{z,w) = {z,w + g{z)). 
If p is chosen small enough, and if T and C are chosen big enough, then each 
V'(7i) is close to k over Zi{t'Q + t) fov < t < 5, and tl) id, such that 

V-'(r) n Lp^^{Bii) = 0- If we also have that p < | then ^ = (poip satisfies the claims 
of the lemma. □ 

Remark 2. It is clear from the proof that the corresponding formulation of Lemma 
1 for C'^ {k > 2) is also true. 

Lemma 2. Let 7: [0, 1] ^ C 6e a curve, and let e{() be holomorphic on an open 
set U containing 7. Let a G C, and define the following function ip: U ^ C?: 

Let 7(i) = ip{'^{t)) for t € (0, 1]. Let TT{t) be the projection of the curve 7 on the 
complex line L = {z = Let c be the complex number corresponding to 7'(0), 
and let l{t) = ^(7(0) + 6(7(0)) + ^). There is a 5 > Q and an i? € M such that the 
following hold: (i) \Tr(t) — l{t)\ < R for t < 5, and (ii) \iT{t)\ is strictly decreasing 
for t < 6. 

Proof. Tr{t) is given by 

We have to show that the last term gets "close" to as f gets small. Now 

jit) = 7(0) +ct + h{t) where h{t) = 0{\\t\\'^), so wc have that 

II Q _ _^|| ^ II « _ _a ^ II ah{t) 
"7(t)-7(0) ct'l Kt + h{t) ci" 'Ie2i2(i + M|l)ll- 
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Since there is a constant C such that linit^o^^ — C, (i) follows. 

Write x{t) = and y{t) = ^(7(4) + e(7(i))). Now, n{t) = ^ + y{t), 

so |7r(f)p is given by 

m{t) = \n{t)\' = J + 2Re{^) + y{t) ■ W)- 
x{t) ■ x{t) x(t) 

This can be rewritten as 

where h,g,v are differentiable real valued functions, k G N+, g{0) > 0. Differenti- 
ating m{t) gives {ii). □ 

Theorem 4. Let U be a standard domain as defined in Definition 3. Then U can 
he embedded properly into C? . 

Proof. We will prove the theorem in the case that U contains all the sets mentioned 
in Definition 3 in its boundary, but it will be clear that the proof works for all 
standard domains. Let W = U LVJ {lj{t);t G (0, 1]}, and write qj = lj{0). We 
then have that W = C\ {pj, qj}. We start by mapping W properly into C^. Define 
a function / e 0{W) as follows: 

m c 



The coefficients {bj} arc chosen such that this converges uniformly on compact sets 
in W, and such that / is bounded over L. We will specify conditions on ai, ...,0^ 
later on. Now, we define a map w : W ^ by: 

'^(C) = (C,/(C)). 

It is clear that 00 as ( ^ qj for j = 1, m, or ^ — > Pj for any j G N. We 

are going to complete the proof by constructing a Fatou-Bieberbach domain fl that 
intersects the manifold iu{W) exactly in uj{U). If tp : C"^ is the corresponding 
Fatou-Bieberbach map, the composition tjj ou) will map U properly into C^. 

Define curves 7^ : (0,1] by jj{t) = uj{lj{t)). Let L: [0,oo) ^ C be the 

curve L{t) = —1 — t, and let 7^+1 (f) = uj{L{t)). Now, since / was chosen to be 
bounded over L, the projection of 7m+i on the plane {z = w} is contained in some 
s-strip around the negative real numbers. Further, Lemma 2 tells us that we can 
choose ai, am in the definition of / such that the projections of the 7j's all point 
in different directions. By the same lemma, none of the projections of the 7j's are 
self-intersecting when t is outside of a compact subset of the open unit interval, so 
by a change of coordinates, the conditions on the curves in Lemma 1 are satisfied. 

We will need a polynomially convex compact exhaustion of io{U) = u){W) \ {7,}. 
For an e > 0, let Se denote {( G C;dist(C,L U {pj} U {Ij}) < e}. It is clear that 
if we for an appropriate sequence {e^} converging to zero, define Cj = A^- \ S^j, 
the sequence Ci C C2 C .... is a compact exhaustion of U. The sets Cj are not 
polynomially convex, but the sets Ki = Lj{Ci) are. 

We will make one last observation before we start constructing the Fatou-Bieber- 
bach domain: u}{W) is a closed submanifold of C^, so by Proposition 1, if ii' c is 
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a polynomially convex compact set such that K D uj{W) C uj{U), then there exists 
an iV e N such that K U Ki is polynomially convex for all i > N. 

We may assume that the origin is not contained in any of the 7i's or in the set 
{Pj}, so we can choose a p > such that Bp does not intersect these sets either. 
Define a linear map 

A: {z,w) ^ (-,-). 

Theorem |5] tells us that we can choose a (5 > such that if we have a sequence of 
automorphisms {ok} C AutQ^C"^) such that 

(*) Ikfc-^lls, <^ 

for all /c e N, then the basin of attraction to zero of the sequence o'(fc) is biholo- 
morphic to C'^. What we will do is to construct a sequence of automorphisms that 
attracts i^{U), but not any of the 7i's. 

The sequence of automorphisms will be constructed inductively, and we make the 
following induction hypothesis Ij: We have constructed automorphisms {Fi, Fj} C 
AMio(C^) such that the following is satisfied: 

(1) Each Fi is a finite composition of maps satisfying (*), 

(2) F{])(Kj) C Bp, 

(3) F{j){-i,) C C2 \ for z = 1, .., m + 1. 

If we define Ki = {0} and choose p small enough, then Ii is satisfied by letting 
Fi — A. We will now show how to construct Fj+i so as to ensure Ij+i- 

K = F{j)^^{Bp) is a polynomially convex compact set satisfying K n uj{W) C 
(jj(J7), so there exists an r > j + 1 such that K — K U is polynomially convex. 
Choose a polynomially convex compact set K' containing a neighborhood of K such 
that K' does not intersect any of the 7^ 's. 

Choose an s e N such that 

{i) A^{F{m'))^Bp, 

and then choose an i? G M+ such that 

{ii) A'{F{i){x)) i Bp for aU ||a;|| > R. 

For any e > by Lemma 1 there is a </> G AutQ{€?) such that ||^(a;) — a;|| < e for all 
X E K' , and such that 

(Hi) cC'^\Bii for i = 1, m. 

Define 

Fj+i=A'oF{j)o^oF{j)-\ 
If e is chosen small enough to ensure that (p{K) C K' then (i) gives us that 

F{j + 1){K) = A^FUmm c A%F{j){K')) c Bp, 
which ensures (2). For each 7^ by (ii) and (iii) we have that 

F{j + 1)(7.) = A^FUmj,))) c A^{F{j){C' \ Bn)) c B„ 

which ensures (3). Lastly, the map A o F{j) o (j> o F{j)~^ can be made arbitrarily 
close to A on Bp by choosing e small enough, which means that Fj+i can also be 
assumed to satisfy (1). 
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We have now constructed a sequence of automorphisms {Fj} C ^uto(C^), and 
by (1) and Theorem|21 we have that fl = f^j^.j is biholomorphic to C^. By (2) and 
(3), we have that n n uj{W) ^uj{U). 

Let ip be the Fatou-Bieberbach map tp : H. C'^, and define ^' = ip o uj. This 
map is a proper holomorphic embedding of U into C^, and the proof is finished. 

□ 

Now our main theorem follows easily: 

Proof of Theorem 1: By Proposition 2 we have that U\{pj} is biholomorphically 
equivalent to a standard domain S. By Theorem 0] S can be embedded properly 
into C^. 

Our method has also given us a rather interesting result regarding Fatou-Bieberbach 
domains, namely that there exists a Fatou-Bieberbach domain whose intersection 
with a complex line C is exactly <C\ L. 
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